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A First Contact with borel measures

7 amazing facts about borel measures that you almost surely didn't know
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V is the density of probability of presence of the electron:
+oo r
) = (pdppon) = | Bna() V() = [ W)

rn

v(r)

0.6+
0.4+
0.2+

1
T

i — e .
d nn 2 3ag 423,

p{a}) = (b L) = [ W()dr =0, p(R:\ {an}) = 1
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Leb[ %%([a b])
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b 1/2
/ 1l—é7é](x)dX:/1 Lja6) (x) dx.
a = /2
by y(la+c.b+cl)
Va,b,c/ 5t <a,a+c,bb+c<i
IERIC
1 I —
i % X
~1/2 1/2
_ ri/2 _
219l = Ll/z ldx = 1.

I_eb[_%,%]([—l =
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00@000

pn([a; b]) < Leb[ n,n] :ﬂ-[ab]> <2n]]‘[ nn]yﬂ-[ ]>

2_].!7]]'[7’7’”](X)

{
n

pn([a, b]) = pa([a+ c,b+c]) Vabc/ —n<aatc,bb+c<n
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Take # a o-algebra on 2 (the elements of % are subsets of Q).

p: % —[0,1] is a probability on (2, A) if

e p(Q) =1
*p ('_I A,) = ZP(A,) for (Ai)ie[N e BN mutually
ieN iEN

incompatible events.
p: B — [0,+00] is a (positive) measure on (2, A) if
e u(0)=0
./ <|_| A,-) — ZM(A;) for (A)ien € $" mutually disjoint

ieEN iEN
subsets of €.
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Examples of borel measures on R:
e Lebjg 1), measure of probability with density 1o 1.
f[R 1[071](X)dX = 1.
® §,, measure of probability with no density. 0,(R) = d.({a}) =1,
the real a is an atom for 4.
e N(m,0?), measure of probability with density

g:x— rexp( (e m)2> Jrg(x)dx = 1.
e Lebg, measure with density 1. Lebg(R) = [, 1dx = +oo0.

Why can we not build a uniform probability on R?
- This is a property of the Lebesgue measure.
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Why can we not build a uniform probability on R?
This is due to a property of the Lebesgue measure.

property
There is only one translation-invariant measure on R such that the
image of [0,1] is 1. It is the Lebesgue measure Lebg.

Take ;1 a measure s.t. VA € #,Vc € R, u(A) = u(A+ c).
e If 14([0,1]) = 0 then =0 and u(R) =0 < 1.
e If 1([0,1]) = +oo then u(R) > u([0,1]) = +o00 > 1.
e If 0 < p([0,1]) < +o00 then S0 = Lebg so
u(R) = p([0, 1])Lebr(R) = 00 > 1.
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11)1) The Borelians

A is a o-algebra on Q if
e )e 2,
e Ac B = Q\Ac A,
¢ (A)iene B = |JA €2

i€EN

The Borel o-algebra #(Q) is the is the most little that contains all
the open sets of 2.

On R, it is equivalent to say that Z(R) is generated by all the
intervals.

Typically, a union of intersection of union of intersection of... of open
sets is a borelian.
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11)1) The Borelians: the Vitali counterexample

Take V a Q-base on R in [0, 1] ie. a set of representatives in [0, 1] of
the equivalence relation x ~ y < x — y € Q.

SoR = |_|(V+q).

qeR

e Suppose Lebg(V) =0. Then

2 = Lebg([0,2]) < Lebg <|_| (V+gq ) > Lebg(V

qeRQ qeR

e Suppose Lebg(V) > 0. Then

2=Lebp([0,2]) > Lebr | | | (V4+q)|= D Lebg(V)=+oc.

qeQNI0,1] qeQN[0,1]
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11)2) The Derivative of a measure

QCRY, 2'(Q) =62(Q) = L(¢>(Q),R) is the set of
distributions.
e f €%°Q) = T¢is a distribution

(T 6) = / Fx)o(x) dx Vo € €2(Q).

e ust pu(K)<+oo VK CQ compact = p is a distribution:
Take ¢ € €>°(), take A = (A)o<icn € B(Q)N and
o = (Oé,')lg,'gl\/ € |RN s.t. SAa = ZiOé,']lA[ = (b Define

(10) = [ 60040 = inf e 5n0) = inf [ snadi= 3 ()

0<is<N
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11)2) The Derivative of a measure: some derivatives

e If u has density g € €*(R) then 1/ has density g’

/ — A (P r_ '(x)d.
00 i= =) = = [ e = [ 08 = [ 00 (&)
e v with density x — |x| has its derivative with density
H(x)

1 ifx<0 1
H(X)_{l ifx>0" X

—-1

V' =200 : ¢ —> 2¢(0), v =26 ¢ —2¢/(0),
and v = 26872 ¢ — (—1)k22¢(D(0)  Vk > 2.
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11)2) The Derivative of a measure: some derivatives

e Name B(0,1) the unit ball in R?. Lebg 1) has for gradient
—nos where os the uniform measure on the sphere S = 9B(0, 1)
and 7 is the unitary vector pointing outward from the sphere:

(Viebsoy, ¢) = —(Lebsoy, Vod) = — / V.$(x) dx
B(0,1)

/ 6(x).A(x) dos(x) = (s, 6).

LebB(Ql)
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11)3) The Bochner Integral

QC R

(1, @) = [, ¢ has a sense when ¢ is nice enough: 0 < [, |¢| < +o0.
For B a Banach space,

(i, A) has a sense when X : Q — B is nice enough.

On (I, A(IN)

define .#, (') = {finite (positive) measures on '} and

A (') = {finite signed measures on '} = {4 —p—, ps,p_ € A+ (T)}.
((T), || - ) is a Banach for some norm || - ||

so if u(K) < +oo VK CQ compact and A:Q —> ///(F) s.t.

Jo IN)[Idp(x) < 400 then v = (i, A) = [ A( x) e ()

VA€ B()  v(A) = (1 A()(A)) = /QA(X)(A) dpa(x)-
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11)3) The Bochner Integral: equations on
measure-valued maps

The measure-valued mass evolution problem

Orpu(t) + Ox(v(x)pu(t)) = F(x)u(t) on [0,1] Vt € Ry
where 1 : Ry — #([0,1]) and Oy (vu(t)) is in the sense of

distributions
is equivalent to

u(6) = 400+ [ ()0 ds on[0.1] € R,

14/16

where ® is a (sort of) flow encoding the spatial evolution relative to

X.
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11)4) Limit processes through asymptotic scales

X, the position of a parti-
cle after n possible collisions

at the times t, = % 2t,,
,nt, = 1.
Y p(Xn = k) = (5)27"
i | =
L-;;i;iiaﬂi il!% (%) > N(0,1)

Var(X,) e

considering ¢ = 1/4 and
p» = 3 constant.

What if & — 07
n n—-+4oo

@physicsfun

video made by PhysicsFun
(seen on Facebook)
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Tttt

video made by 3D-PHASE (seen on Youtube)
pn the probability of collision at each time t,, ..., nt, = 1 converges to 0
as n grows. There is no more convergence towards th

e normal law.
P

DA
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Newton’s laws: rectilinear movement or elastic chocs.
t — (x;(t), vi(t))o<icn deterministic process.

} Nr~1asN— +oo (Boltzmann-Grad)

Boltzmann linear equation: (0; + v.V,)f = L(f)
t — (x(t), v(t)) some Markov stochastic process.

1 m*log(|logr|) > 1 when Nr* ~1as N — +oco,m — 0

o2

Fokker-Planck equation: (0; 4+ v.V,)F = S A F +V,.(wvf)
Ornstein-Uhlenbeck stochastic process t — (x(t) v(t)).
collision term
SOTRION M L D as a,w — 0
transprt term
Diffusion equation: (0; — DA,)p =0
p(t, x) = E(po(x + Wapy)) where t — W, is the standard brownian
movement in R3. t — x(t) stochastic process.
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J.H.M. Evers, S.C. Hille, A. Muntean, Mild solutions to a
measure-valued mass evolution problem with flux boundary

conditions. Journal of Differential Equations, vol. 3, August
2015.

C. Fathi, Théorie de la mesure. Cours de L3, 2015.

F. Golse, De Newton a Boltzmann et Einstein : validation des
modeles cinétique et de diffusion [d'aprés T. Bodineau, |.
Gallagher, L. Saint-Raymond, B. Texier]. Séminaire Bourbaki
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