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Plan

© Context
@ Current security assessment method
@ The network is changing
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Stability assessment

RTE needs to
@ Balance power production & consumption (ex: OPF problem)

@ Avoid loss of stability (blackouts, damages in plants)

— Simulate & secure all hazardous operating points

— Avoid expensive simulations of safe situations

Nowadays
Security risk = identified by operators (consumption peak)
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Complexification of risk evaluation

Increase of renewables share
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Complexification of risk evaluation

Increase of renewables share

@ Non-modulable (e.g. solar power # night)
@ Randomly time-varying (e.g. clouds = solar power \)
@ Connected through power electronics

= Risky operating points during off-peak time

Consequence
Difficult to identify & secure unstable operating points
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The challenge and a perspective

@ At least conservatively identify safe situations

— Reduce use of extensive simulations

Proposition of solution

@ ldea: Inner estimate of stability regions of power systems
@ Tools:

o Lyapunov-LaSalle stability theory [Anghel et al. 2013]
e Moment approach for set approximation [Korda et al. 2013.]
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Plan

© Tools for security assessment
@ Notions of stability
@ Sets of interest
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Stability in electrical engineering

Power System

Small-
Disturbance
Voltage Stability

Stability
Rotor Angle Frequency Voltage
Stability Stability Stability
Small-Disturbance Transient o %arge-
Angle Stabili il isturbance
9 ty Stabilty Voltage Stability
’ Short Term ‘ ‘ Long Term ‘
‘ Short Term | ‘ Long Term

Stability notions depend on modelling & approximation hypothesis!

!Kundur et al. Definition and Classification of Power System Stability. 2004.
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Rotor angle transient stability

Definition
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Rotor angle transient stability

Definition

@ Fast dynamics: characteristic time ~ 100 ms.
@ Loss of synchronism < rotor angle explodes

@ Large perturbation: strongly nonlinear dynamics

107107 107 107t 107 107 107t 1 100 102 10° 10t 10

1 1 1 1 1 1 L 1 1
1 1
1 wave phenomena :
L
1 electromagnetic :
{ phenomena 1
1 electromechanical :
: phenomena 1
I thermodynamic :
I
H phenomena 1
T T T T T T T T T T T
microseconds milliseconds seconds minutes hours

PhD Seminar Toulouse, January 24" 2019 8/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

PhD Seminar Toulouse, January 24" 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D

PhD Seminar Toulouse, January 24" 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D
@ Find a sublevel set Q of V st. Q C D

PhD Seminar Toulouse, January 24" 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D
@ Find a sublevel set Q of V st. Q C D

@ Maximize the size of such Q

PhD Seminar Toulouse, January 24" 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D
@ Find a sublevel set Q of Vst. QC D
@ Maximize the size of such Q

— £ = inner approx. of equilibrium’s ROA

PhD Seminar Toulouse, January 24" 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D
@ Find a sublevel set Q of Vst. QC D
@ Maximize the size of such Q

— £ = inner approx. of equilibrium’s ROA

Problems

PhD Seminar Toulouse, January 24" 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D
@ Find a sublevel set Q of Vst. QC D
@ Maximize the size of such Q

— £ = inner approx. of equilibrium’s ROA

Problems

@ Asymptotic stability VS short term stability

PhD Seminar Toulouse, January 24t 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D
@ Find a sublevel set Q of Vst. QC D
@ Maximize the size of such Q

— £ = inner approx. of equilibrium’s ROA

Problems

@ Asymptotic stability VS short term stability

@ Q = only local optimum (no proof of global optimality)

PhD Seminar Toulouse, January 24t 2019 9/33



Lyapunov stability (paper with Rte)

LaSalle invariance principle

@ Find a Lyapunov function V on a domain D
@ Find a sublevel set Q of Vst. QC D
@ Maximize the size of such Q

— £ = inner approx. of equilibrium’s ROA

Problems

@ Asymptotic stability VS short term stability
@ Q = only local optimum (no proof of global optimality)

o Existing algorithms resort to BMls
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Admissible Initializing set (paper with C. Josz)

Definition
x=f(x) ; xeXeR" ; x(0)=x0 (1)
Given target set X+ and time horizon 7
Xo = {Xo e X; X(7'|X0) S XT} (2)

ék = Wk k = 1,2 g
Wi = —Mewk + 3o (PE = PE(61,02)) -
3 bus 2" order model Al set - 7 = 8s, X7 = B(0,0.1)
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Definition

Xoo 1= {x0 € X ; Vt > 0,x(t | X0) € Xo0} (3)
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Maximal Positively Invariant set (ongoing A. Oustry)

Definition

Xoo 1= {x0 € X ; Vt > 0,x(t | X0) € Xo0} (3)

Xoo = {x0 € X; Vt > 0,x(t|x0) € X} (4)

S=w
2Hw = —Dw + Comy — LYising

X

SMIB 2™ order model A trajectory in the MPI set
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Interest

@ Approximation reduced to LMI (SDP) via Lasserre hierarchy

@ Approximation converges in volume to global optimum
@ Al set ~ finite time ROA

@ MPI set ensures no rotor angle explosion

v
Cons

@ Al set needs input (time horizon, target set)

@ MPI set may include non-converging limit cycles

\
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Plan

e Lasserre hierarchy for set approximation
@ Volume computation
@ Dual Lasserre hierarchy
@ Primal Lasserre hierarchy
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The volume problem

Problem statement

Given g, h € R[x]™, compute the Lebesgue volume of

K:={xeR";g(x) >0} C X:={xeR"; h(x) >0}
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The GMP approach
The problem on measures

If X is compact, then
vol(K) = max 1(X)

st pe M(K)y C M(X)+ (5)
i € M(X)4+
p+ = Ax
A
fi | B fi
K
~1. —0.5 0 0.5 1.
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A dual approach

The dual of (5) on continuous functions

vol(K) =inf/x )

s.t. Vx € X, w(x)
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A dual approach

The dual of (5) on continuous functions

vol(K) =inf/ )

>0 (6)
Vx € K,w(x) >1
1 AN VA
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How do we represent positive continuous functions ?

Consider the sets:
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How do we represent positive continuous functions ?

Consider the sets:
@ C(X) of continuous functions on X

@ P(X) of polynomial functions on X

Stone-Weierstrass approximation theorem

Any positive continuous function on the compact X can be approximated
uniformly by positive polynomials:

adh P(X)4 = C(X),

A,

Consequence on the dual (6)

vol(K) :inf/X w(x) dx

s.t. w e P(X)+
NP7 o7y E— EREE

Toulouse, January 24" 2019 17 /33



Some useful definitions

Sums of squares
Memo: K = {x € R" ; g(x) > 0}, X = {x € R"; h(x) > 0}.
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Some useful definitions

Sums of squares

Memo: K= {x € R"; g(x) > 0}, X = {x € R"; h(x) > 0}.
o 0 € L(R") iff ¢ = p? + -+~ + p; for some p; € R[x]
o X(X):={oo+o1h+ - +0omhm;o € L(R")} )
(Examples |
e o(x) = |x|?> € Z(R")
@ Motzkin: p(x1,x) = x{ X3 + x5 x? —3x2x3 +1 € P(R); \ Z(R)
@ g(x)=1+x>+(1+x*)x(1—x) e x([0,1])
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Writing the SOS problem

Putinar’s Positivstellensatz
Notation: P(X)4++ := {p € R[x] ; Vx € X, p(x) > 0}
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Writing the SOS problem

Putinar’s Positivstellensatz

Notation: P(X)4++ := {p € R[x] ; Vx € X, p(x) > 0}

P(X)++ € X(X) C P(X)4

A,

Consequence on the dual (6)

vol(K) :inf/X w(x) dx

s.t. w € X(X)
w—1¢e X(K)
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The Lasserre reinforcement

Idea: truncate the polynomials to given degree d € N: Ry[x].
Define X 4(X) := X(X) NRy[x]. Then

The reinforced SOS problem
T :inf/ wy(x) dx
X

s.t. wy € Zd(X)
wy — 1€ Zd(K)

N.B: testing if a polynomial is in a quadratic module is an LMI !

Theorem (Lasserre, Henrion, Savorgnan)
e Vd € N, 7/, > vol(K)
e 7/, — vol(K
Td d—o0 ve ( )

— Ky :={x € X; wy(x) > 1} is an outer approximation of K.
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How do we represent a measure ?
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How do we represent a measure ?

Riesz representation theorem

M(X)s — C(X),

|:
1 — = L(p) = [y pdu

is an isomorphism.
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How do we represent a measure ?

Riesz representation theorem
M(X)y — C(X),
po = oo l(e) = fxedue

l: is an isomorphism.

Corollary: a dual to Stone-Weierstrass theorem

MX)y — P(X)%

L: 0 — X% = L (xY) = [y x*dp

is a dense inclusion.
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How do we represent a measure ?

Riesz representation theorem
M(X)y — C(X),
po = o l(e) = fxedu

l: is an isomorphism.

Corollary: a dual to Stone-Weierstrass theorem

MX)y — P(X)

L: 0 — X% = L (xY) = [y x*dp

is a dense inclusion.

Consequences on problem (5)

vol(K) = maxL,(x°)
st. L, € P(K), c P(X),
Li € P(X)}

Va € N" L, (x*) + La(x¥) = / x” dx
X

v
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Some useful definitions

Functionals on moments

PhD Seminar Toulouse, January 24" 2019 22 /33



Some useful definitions

Functionals on moments

@ Riesz linear functional
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Some useful definitions

Functionals on moments
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Functionals on moments
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RN — R[x]’
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L:

@ Moment / localization bilinear functional: For y, p, g € R[x],
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Some useful definitions

Functionals on moments

@ Riesz linear functional
RN — R[x]’

L: z=(20)aenn — x% = L, (x%) =2z,

@ Moment / localization bilinear functional: For y, p, g € R[x],

sz(p) q) = LZ(XP q)

0 n=2 L,(R*—x?—x3) = R?z00 — 200 — 202

.
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Some useful definitions

Functionals on moments

@ Riesz linear functional
RN — R[x]’

L: z=(20)aenn — x% = L, (x%) =2z,

@ Moment / localization bilinear functional: For y, p, g € R[x],

sz(p) q) = LZ(XP q)
e n=2: LZ(R2 —X12 — X2) = R2 Zo0 — 220 — 202
en=1 My, (x,1-x)=L(x(1-x?)=2z1 — =z

.
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Writing the moment problem

Memo: K= {x € R"; g(x) > 0}, X = {x € R"; h(x) > 0}.
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Writing the moment problem

Memo: K= {x € R"; g(x) > 0}, X = {x € R"; h(x) > 0}.

Putinar’s dual Positivstellensatz
Let ze RN L, € ’P(K)’Jr iff
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Putinar’s dual Positivstellensatz
Let ze RN L, € 73(K)’Jr iff
oM, >0
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Writing the moment problem

Memo: K= {x € R"; g(x) > 0}, X = {x € R"; h(x) > 0}.

Putinar’s dual Positivstellensatz

Let z € RN L, € P(K), iff
oM, >0
eVie{l,....m}, M, ., =0
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Writing the moment problem

Memo: K = {x € R"; g(x) > 0},X = {x € R" ; h(x) > 0}.
Putinar’s dual Positivstellensatz
Let ze RN L, € ’P(K)’Jr iff
e M, >0
eVie{l,....m}, M, ., =0

.

Consequences on problem (5)

vol(K) =max zg
st. M,=0; Vie{l,....m}M, =0
M:>-0; Vie{l,....m}M,:>0

VaEN"za—FZa:/xadx
X
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Back to finite dimension
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Back to finite dimension

T | (595059
Idea: consider finite dim. bilinear functionals on Ry[x]: R\ ¢ a7,

PhD Seminar Toulouse, January 24" 2019 24 /33



Back to finite dimension

T | (595059
Idea: consider finite dim. bilinear functionals on Ry[x]: R\ ¢ a7,

Definitions

Let N» :={a € N"; |a| ;= a1 + - + a, < d}. Let z € RNa.
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Back to finite dimension

T | (595059
Idea: consider finite dim. bilinear functionals on Ry[x]: R\ ¢ a7,

Definitions

Let N» :={a € N"; |a| ;= a1 + - + a, < d}. Let z € RNa.

@ Moment matrix MZ: matrix of M, in a basis of Ry|[x]
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Back to finite dimension

T | (595059
Idea: consider finite dim. bilinear functionals on Ry[x]: R\ ¢ a7,

Definitions

Let N» :={a € N"; |a| ;= a1 + - + a, < d}. Let z € RNa.
@ Moment matrix MZ: matrix of M, in a basis of Ry|[x]

@ Localizing matrix M;Z: matrix of M, in a basis of Ry[x]
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Back to finite dimension

e - . ("*d>x("*")
Idea: consider finite dim. bilinear functionals on Ry[x]: R\ ¢ a7,

Let N7 :={a €N"; |a| = a1+ +a, < d}. Let z € R4,
@ Moment matrix M?: matrix of M, in a basis of R[]

@ Localizing matrix Mzzz matrix of M, in a basis of Ry[x]

first moment matrix: n =2,d = 1 = basis (1, x1, x2)

200 Z10 201

1
M, = | zio 20 z11
201 Z11 202

.
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Back to finite dimension

Idea: consider finite dim. bilinear functionals on Ry4[x]: R(nzd)x(nzd).
Let N7 :={a €N"; |a| = a1+ +a, < d}. Let z € R4,
@ Moment matrix MZ: matrix of M, in a basis of Ry|[x]

e Localizing matrix M?,: matrix of M, in a basis of Rq[x]

a localizing matrix: n =1,d = 2,y = 1 + x = basis (1, x, x?)
Z0+2z1 z1+22 22+ Zz3

2
M, .= |atz 22tz 3tz
Z+2z3 zZ3+zs Z3+ 75
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The Lasserre relaxation
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The Lasserre relaxation

The relaxed problem on moments

Td -— MaX zp

st. MY =0, Vie{l,....m}MI. % =0 (7)

M = 0; Vie{l,...,m}M] " =0

VaGNgza—I-Eu:/x”dx
where d, = [(deg x)/2]. x
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The Lasserre relaxation

The relaxed problem on moments

Td -— MaX zp
. d—d,.
st. M?=0;, Vie{l,...,mIM;. % =0

M = 0; Vie{l,...,m}M] " =0

VaGNgzu—l—Euz/x” dx
where d, = [(deg x)/2]. x

(7)

Strong duality theorem (Lasserre, Henrion, Savorgnan)

PhD Seminar Toulouse, January 24" 2019

25 /33



The Lasserre relaxation

The relaxed problem on moments

Td -— MaX zp
st. MY =0, Vie{l,....m}MI. % =0 (7)

M = 0; Vie{l,...,m}M] " =0

VaGNgzu—l—Euz/x” dx
where d, = [(deg x)/2]. x

Strong duality theorem (Lasserre, Henrion, Savorgnan)

oeVdeN, 7, =14
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The Lasserre relaxation

The relaxed problem on moments

Td -— MaX zp
st. MY =0, Vie{l,....m}MI. % =0 (7)

M = 0; Vie{l,...,m}M] " =0

VaGNgzu—l—Euz/x” dx
where d, = [(deg x)/2]. x

Strong duality theorem (Lasserre, Henrion, Savorgnan)

oeVdeN, 7, =14
= Vd € N, 74 > vol(K)
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The Lasserre relaxation

The relaxed problem on moments

Td -— MaX zp
st. MY =0, Vie{l,....m}MI. % =0 (7)

M = 0; Vie{l,...,m}M] " =0

VaGNgzu—l—Euz/x” dx
where d, = [(deg x)/2]. x

Strong duality theorem (Lasserre, Henrion, Savorgnan)

oeVdeN, 7, =14
= Vd € N, 74 > vol(K)
= 74 — vol(K)
d—o0
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Summary: the Lasserre hierarchy framework

Rephrasi Linear problem on Momem Convex problem on
ephrasing measures moment matrices
rehnlmn GIOptiPoly

Dualization

Difficult problem :
- nonconvex optimization

- set approximation
- nonlinear PDE

Linear problem on 3 Convex problem on YALMIE

functions S0S polynomials
reinforcement
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Plan

@ Stability set approximation
@ Liouville's transport PDE
@ Outer approximation of the Al set
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Liouville’s formalism

Probabilistic heuristic
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XONPO
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XONPO
= x(t| Xp) is a random variable X; ~ PP;.
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XONPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XONPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)

Theorem (Liouville)

N | N
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XONPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)

Theorem (Liouville)

Q)|
\
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XoNPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)

Theorem (Liouville)

Q)|
A\

A\

Integral Liouville PDE

A\
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XoNPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)

Theorem (Liouville)

Q)|
A\

Integral Liouville PDE

| A\

Py <— o,

A\
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XoNPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)

Theorem (Liouville)

Q)|
A\

Integral Liouville PDE

| A\

Po <— po, Pr <— pur,

A\
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XoNPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)

Theorem (Liouville)

Q)|
A\

Integral Liouville PDE
Py <— po, Pr «— pr, Pe(dx) dt «— p(dt, dx)

| A\

A\
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Liouville’s formalism

Probabilistic heuristic

)'(:f(x) ;. xeXeR” ; X(O):XoNPO
= x(t| Xp) is a random variable X; ~ PP;.
N.B.: Py = dxy = Pt = dy(¢|x,) (deterministic case)

Theorem (Liouville)

Q)|
A\

Integral Liouville PDE
Py <— po, Pr «— pr, Pe(dx) dt «— p(dt, dx)

| A\

0 .
a—/: + div(f 1) = 110 ® d¢=0 — 7 ® d¢=r (9)

A\
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GMP for Al set estimation

The problem on measures
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GMP for Al set estimation

The problem on measures

vol(Xg) = max (X) (10)
st. pe M([0,7] x X)4 (11)

1o, flo € M(X)4 (12)

pr € M(X7)1 C M(X)4 (13)

po + flo = Ax (14)

% + div(f ) = 1o ® 0¢=0 — U7 ® O=r (15)
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GMP for Al set estimation

The problem on measures

vol(Xg) = max (X) (10)
st. pe M([0,7] x X)4 (11)

1o, fio € M(X)+ (12)

pr € M(X7)4 C M(X)4 (13)

Ho + fio = Ax (14)

% + div(f /L) = 1o ® Or=0 — UT ® Op—r (15)

ot

Statistical physics interpretation

Maximize (10) density pg < 1 (12),(14) of particles transported by
equation (15) that end up in X (13) in time 7 (11).
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Dual GMP for Al set estimation

The problem on functions
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Dual GMP for Al set estimation

The problem on functions
vol(Xo) :inf/ w(x)dx (16)

X
st. Vxe X, w(x) >0

Vx € X, w(x) > v(0,x) + 1
Vx € X7, v(r,x) >0
ov

ot

Vte [0,7],x € X, —(t,x) + Vv(t,x) - f(x) <0  (17)

v
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Dual GMP for Al set estimation

The problem on functions
vol(Xo) :inf/ w(x)dx (16)

X

st. Vxe X, w(x) >0
Vx € X, w(x) > v(0,x) + 1
Vx € X7, v(r,x) >0

ov

X
Vte[0,7],x € o

(t,x) + Vv(t,x)-f(x) <0 (17)

v

Constraint (17) reminds of a Lyapunov inequality.
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Dual GMP for Al set estimation

The problem on functions
vol(Xo) :inf/ w(x)dx (16)

X
st. Vxe X, w(x) >0
Vx € X, w(x) > v(0,x) + 1
Vx € X7, v(r,x) >0
ov

X
Vte[0,7],x € o

(t,x) + Vv(t,x)-f(x) <0 (17)

v

Constraint (17) reminds of a Lyapunov inequality.

Set approximation

Xd = {x € X; wy(x) > 1} is an outer approximation of Xg !
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Plan

© Projects
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Parsimonious ROA estimation
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Parsimonious ROA estimation

Problem statement

Assess the stability of the system
. — Flx. v
Vije{l,...,m}, {x’ X0 1)

gii(xi,yi,xj,y;) =0 ; (gj)i “sparse”
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Parsimonious ROA estimation

Problem statement

Assess the stability of the system

Vi,je{l,...,m},{

xj = fi(xi,yi)

‘" " (18)
gii(xi,yi,xj,¥;)) =0 ; (gj)ij “sparse

v

Adapting parsimony to algebraically coupled dynamics

@ Inner ROA estimation ~ lower estimation of ROA volume
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Parsimonious ROA estimation

Problem statement

Assess the stability of the system

Vi,j€{1,...,m}, xj = fi(xi, ¥i) “ ” (18)
gii(xi,yi,xj,¥;)) =0 ; (gj)ij “sparse

v

Adapting parsimony to algebraically coupled dynamics

@ Inner ROA estimation ~ lower estimation of ROA volume

@ We developed parsimony for volume computation
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Parsimonious ROA estimation

Problem statement

Assess the stability of the system

Vi,j€{1,...,m}, xj = fi(xi, ¥i) “ ” (18)
gii(xi,yi,xj,¥;)) =0 ; (gj)ij “sparse

v

Adapting parsimony to algebraically coupled dynamics

@ Inner ROA estimation ~ lower estimation of ROA volume
@ We developed parsimony for volume computation
Combine both — parsimonious algo. for ROA/MPI/IAS estimation

PhD Seminar Toulouse, January 24t 2019 32/33



Question Time

Le réseau
de l'intelligence
électrique
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