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Preliminaries
@000

Preliminaries

Hybrid System

We consider the system

z € F(x), x €C,
H:
zt € G(x), x€D,

such that H = (C, D, F, G) satisfies the hybrid basic conditions.

We want to analyze the stability of # via locally Lipschitz Lyapunov functions.
Main Question: Can we check the flow Lyapunov inequality only almost
everywhere (i.e. only where the candidate Lyapunov function is differentiable)?

Matteo Della Rossa (LAAS — CNRS, France) Almost Everywhere Conditions 01/04/2019  2/13



Preliminaries
@000

Preliminaries

Hybrid System

We consider the system

z € F(x), x €C,
H:
zt € G(x), x€D,

such that H = (C, D, F, G) satisfies the hybrid basic conditions.

We want to analyze the stability of # via locally Lipschitz Lyapunov functions.
Main Question: Can we check the flow Lyapunov inequality only almost
everywhere (i.e. only where the candidate Lyapunov function is differentiable)?
We ask that

o cl(int(C)) =C, (t.i. C regular-closed set),

@ F:C = R"™ inner semicontinuous.
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Preliminaries
o] le]e]

Why nonsmooth Lyapunov Functions?

Under the hybrid basic conditions the existence of a smooth Lyapunov function is
necessary and sufficient for asymptotic stability of a compact set.
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Matteo Della Rossa (LAAS — CNRS, France)

Almost Everywhere Conditions

01/04/2019 3/13



Preliminaries
o] le]e]

Why nonsmooth Lyapunov Functions?

Under the hybrid basic conditions the existence of a smooth Lyapunov function is
necessary and sufficient for asymptotic stability of a compact set.
On the other hand, in many situations:

@ A nonsmooth function V' may be easier to describe and construct;
o The differentiability of V' is “crucial” only on the flow set C;

@ If C is closed under some conditions we can avoid to check on the boundaries
of C;
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Preliminaries
o] le]e]

Why nonsmooth Lyapunov Functions?

Under the hybrid basic conditions the existence of a smooth Lyapunov function is
necessary and sufficient for asymptotic stability of a compact set.
On the other hand, in many situations:

@ A nonsmooth function V' may be easier to describe and construct;
o The differentiability of V' is “crucial” only on the flow set C;

@ If C is closed under some conditions we can avoid to check on the boundaries
of C;

A remarkable “precedent” of Smooth vs Non-Smooth:
@ For a LDI of the form

teco{Aix|ie{l,...,K}},

GAS is equivalent to the existence of a smooth Lyapunov function
homogeneous of degree 2 (but not necessary quadratic)[Dayawansa and
Martin. '99];

@ We can approximate this function using max of quadratics [Goebel, Teel, Hu,
Lin. '06], or polyhedral functions [Molchanov and Pyatnitskiy. '89].
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Preliminaries
[e]e] o]

cl(int(C)) # C.

Counterexample 1
H = (C,D,F,G) with

C:={zcR?*|zy =0}, D:=0,

F(z) = { <°ﬁ) } , G(z) == 0.

‘H satisfies the basic Assumption and F’ is continuous.
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[e]e] o]

cl(int(C)) # C.

Counterexample 1
H = (C,D,F,G) with

C:={zcR?*|zy =0}, D:=0,

F(z) = { <°ﬁ) } , G(z) == 0.

‘H satisfies the basic Assumption and F’ is continuous.

Candidate Lyapunov function
2

V() = [z1] + |z2].

Problem: V is locally Lipschitz but the 4
set Ny, where it is not differentiable
covers the flow sets C, the system is ¢

unstable. 1
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Preliminaries
[e]e]e] ]

Non Continuity: Switching systems

Counterexample 2
H=(C,D,F,G) withC=R?, D=G =0 and F : R? = R? defined as the
Filippov regularization of:

. Az, ifz"Qx >0,
xr =
Asz, if2"Qx <0.

Candidate Lyapunov Function:
@ Max of Quadratics
V(x) = max {.%‘TPL%‘, J:TPQJ:}, """ [
@ The Lyapunov inequality is satisfied %
almost everywhere in R?, :
@ We have diverging sliding motion
(solutions flowing along the
discontinuity surface).
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Stability conditions
@00

A class of locally Lipschitz Functions

Properly Piecewise C! functions

Let V:CUDUG(D) — R be a continuous function. Given I = {1,..., K}, let

us suppose there exist {X;};cr closed sets and functions V; € C}(X; + B, R),
such that:

o int(X;) = A&, (regular-closed) for all i € I,
o int(X;) Nint(X;) =0, for all i # j,

@ C C Ujer X

o V(z)=Vi(z), ifzeX,.

Then the function V is called a properly piecewise C' function.
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A class of locally Lipschitz Functions

Properly Piecewise C! functions

Let V:CUDUG(D) — R be a continuous function. Given I = {1,..., K}, let
us suppose there exist {X;};cr closed sets and functions V; € C}(X; + B, R),
such that:

o int(X;) = A&, (regular-closed) for all i € I,
o int(X;) Nint(X;) =0, for all i # j,
@ C C Ujer X
o V(z)=Vi(z), ifzeX,.
Then the function V is called a properly piecewise C' function.

Intuitively, the flow set C is covered by a finite number of sets X; and V on C is
obtained “gluing” together some functions V; € C*.

Locally Lipschitz; we consider Ny the null measure set where V' is not
differentiable (Rademacher Theorem)
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Stability conditions
Oeo

Example: Max/Min Functions

Given a family V = {V4,...,Vk} C C}(R", R), the functions
Vi (z) == r?ealei(a:) and Vp,(z) = anEl}lVl(x)

are properly piecewise C* on R™. For the Vj; we have

X ={zc R [ V@) > V(@) Vi€ I, j £ ).

Example:
o V,(z) = min{z" Pz, 2" Pya},

@ Min of 2 quadratics, non-convex,

Z2
pe Vi
@ Homogeneous of degree 2, Va2

e X;, Xy are symmetric cones,
o Ny ={z e R" | Vi(z) = Va(x)}.

Xy

Matteo Della Rossa (LAAS — CNRS, France) Almost Everywhere Conditions

01/04/2019



Stability conditions
[ele] J

Stability Conditions

Main Theorem: “Almost everywhere” conditions

Consider a closed set A. Given a properly piecewise C! function
V :CUDUG(D) — R, suppose that there exist a1, s € Ko and p € PD such
that

a1(|zla) < V(z) < ag(|z|a) Yz eCUD,

Va € int(X;) Nint(C),

g < _

(TVie) ) < =plleld. 7 ¢ s vre t
V(g) = V(z) < —p(|z|a), Yz € D,Vg € G(x).

Then A is UGpAS for H.

Proof Sketch:
@ Main Idea: C C [J;; Ai and |J; bd(&;) has zero measure and contains the
points at which V' is not differentiable.
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Stability Conditions

Main Theorem: “Almost everywhere” conditions

Consider a closed set A. Given a properly piecewise C! function
V :CUDUG(D) — R, suppose that there exist a1, s € Ko and p € PD such
that

a1(|zla) < V(z) < ag(|z|a) Yz eCUD,

Va € int(X;) Nint(C),

g < _

(TVie) ) < =plleld. 7 ¢ s vre t
V(g) = V(z) < —p(|z|a), Yz € D,Vg € G(x).

Then A is UGpAS for H.

Proof Sketch:
@ Main Idea: C C [J;; Ai and |J; bd(&;) has zero measure and contains the
points at which V' is not differentiable.
o Considering a flowing solution ¢ : [0,7}) — C, we show that
d

2V (00))(1) < —p(1¢(t)|a) for a.e.t € [0, T5).
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Numerical Example: Clegg Integrator
[ Jele]e]

Clegg Integrator System

Let us consider the hybrid system

i=Apxr, 2z€C={zeR?|x"Qx >0},
rt=Asr, ve€D={zecR? z"Qz <0},

with .
10 1 110 . 1 —5
e e h oy 8]

Matteo Della Rossa (LAAS — CNRS, France) Almost Everywhere Conditions

01/04/2019

9/

13



Numerical Example: Clegg Integrator
[ Jele]e]

Clegg Integrator System

Let us consider the hybrid system

i=Apxr, 2z€C={zeR?|x"Qx >0},
rt=Asr, ve€D={zecR? z"Qz <0},

with .
10 1 110 . 1 —5
e e h oy 8]

Linear hybrid system, “intuitively” UGpAS,
but there does not exist c D
a quadratic Lyapunov function. ‘
We construct 3 properly piecewise C! f’ U gy =em
Lyapunov functions, homogeneous of e U
degree 2. JJ

D c
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Numerical Example: Clegg Integrator
o] le]e]

Max of 2 sign-indefinite quadratics

Lyapunov function
Vi (x) := max{z ' Piz,z' Pz},

. 1 01 25 14
with £y = [—0.1 0.5} o= [1.4 0.5} :
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Numerical Example: Clegg Integrator
o] le]e]

Max of 2 sign-indefinite quadratics

Lyapunov function
Vi (x) := max{z ' Piz,z' Pz},

. 1 01 25 14
with £y = [—0.1 0.5} o= [1.4 0.5} :

@ Easy to check the Lyapunov
inequalities,

e P £ 0,

@ It is positive when “active”,

@ Homogeneous of degree 2,

@ Non convex
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Numerical Example: Clegg Integrator
[e]e] o]

Mid of quadratics

Lyapunov function
Vinia () = mid{V1, V5, V3} = max{min{V3, Vo }, min{Va, V5}, min{V;, V5}}
with

1 025 0.55 —0.2 25 49
= = — |16 160
P [0.25 0.7} P {0.2 0.25} s L 0.25
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Numerical Example: Clegg Integrator

[e]e] o]

Mid of quadratics

Lyapunov function

Vinia () = mid{V1, V5, V3} = max{min{V3, Vo }, min{Va, V5}, min{V;, V5}}

with e a0
1 025 0.55 —0.2 = =
= = , — |16 160
A [0.25 0.7} P2 {0.2 0.25}  Ps L 0.25}
@ The mid “choose” the 23
quadratics between the RN PPN
other 2,
e O inside C,

@ Homogeneous of degree 2,

@ Non convex.
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Numerical Example: Clegg Integrator
[e]e]e] ]

Convex Lyapunov Function

Lyapunov function
Vinid (l‘), if x € C,

Veonv = .
(@) (w,z)?,  ifxeD,
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Numerical Example: Clegg Integrator
[e]e]e] ]

Convex Lyapunov Function

Lyapunov function

v (x) . Vmid(l‘), if z €C,
M) (w, x)2,  ifaeD,

o “Convexification” of the 23
Mid function,

@ Homogeneous of degree 2,

o C!inside C,

o Convex.
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Conclusions
o

Conclusion

Summary:

@ A class of locally Lipschitz functions for Hybrid Systems that contains
pointwise max and min of C! functions;
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Summary:

@ A class of locally Lipschitz functions for Hybrid Systems that contains
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Conclusions
o

Conclusion

Summary:
@ A class of locally Lipschitz functions for Hybrid Systems that contains
pointwise max and min of C! functions;

@ Conditions under which it suffices to check the Lyapunov inequality almost
everywhere in the flow set C;

@ Application to a linear reset system.

Thank you !!

Questions 77
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