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Insertion problems in scheduling: generalities

An insertion problem is a scheduling problem in which the set of

activities A is partitioned into two sets

@ The set of already scheduled activities A\ / (forming the baseline
schedule).

@ The set of unscheduled activities / (to be inserted in the baseline
schedule).

Solving the insertion problem amounts to schedule all the (scheduled

and unscheduled) activities

@ Subject to scheduling constraints (precedence constraints, time
windows, resource—constraints).

@ Optimizing a scheduling objective function (makespan,...).

@ Involving constraints or objective of stability: the obtained schedule
must respect in some way the baseline schedule.
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Interest of solving insertion problems

On-line scheduling

@ Insertion of unexpected activities without performing a global
rescheduling.

Neighborhood search

@ Neighborhood defined in terms of reinsertion of (critical) activities.

Issues for designing an insertion problem

@ The insertion algorithm should be fast, preferably polynomial.

@ The search space should contain a significant number of solutions.
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The disjunctive-graph model

Disjunctive graph G = (V, U, E)
® n nodes V.

@ Precedence constraints (original and set by the baseline schedule)
modeled by directed arcs U.

@ Each unscheduled activity is linked to any other activity requiring the
same machine through a pair of opposite (disjunctive) arcs. E is the
set of all such pairs.

@ Each arc is valuated by the duration of the origin activity.

@ Dummy nodes 0 (n+ 1) is a predecessor (successor) of all activities A.
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The (single-)resource-constrained project scheduling
problem with minimum and maximum time lags

(RCPSP/max)

@ a resource of availability B

@ n activities.

@ Each activity must be processed without interruption on b;
unspecified units of the resource.

@ The availability of the resource cannot be exceeded at any time
period.

@ Generalized Precedence constraints between activities S; — S; > [;;, a
positive or negative time lag.

@ Objective: makespan minimization.
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Insertion problem example

o m=3

i 0 1 2
en=51={1} pp 0 6 4
bi 0 1 2
@ precedence constraints and baseline schedule
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From Neumann el al (2003)
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Resource flow network

@ a flow f; > 0 from activity / to activity j represents the number of
machines on j is a direct successor of activity /.

@ Each activity has a capacity of b; units.
@ Activity 0 is a source of m units while Activity n+ 1 is a sink.

o A flow is valid for an activity set V if it satisfies the conservation
properties and the activity capacity on each resource for each activity
of V

- 3 4 5 2
I [T 1 I [T 1 [T 1

0 5 10 14

The following resource flow is valid for A\ {1}: fo3 =2, f33, = 2, f45 = 2,

fos =2, fso =2, fsg = 1, fog = 1.

Fortemps and Hapke (1997), Artigues and Roubellat (2000), Neumann el al (2003)
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Flow-based formulation of the insertion problem
(RCAIP/max)

Baseline resource flow

A Baseline resource flow is any flow valid for A\ / such that
@ There is no flow involving /

@ S; < S; + p;i in the baseline schedule implies fjj =0

Graph induced by a flow

The graph induced by a flow is the graph of precedence constraints
augmented by an arc (7, /) valuated by p; for each flow f; > 0.

RCAIP

Given a baseline flow f, find a flow f’ valid for A such that its induced
graph has a minimal longest path length between 0 and n+ 1 without
increasing the flow between two scheduled activities.

| A
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Insertion example

An insertion position can be represented by a subcut («a, 3) of the graph

induced by the baseline flow such that Ziea,jeﬂ fip= b
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Characterization of feasible insertions for the decision
variant of the RCAIP/max (1/2)

Search variant

To obtain the search variant of an insertion such that Cynax < v, we set
the value of arc (n +1,0) to max(/(p41)0, —V).

Distance matrix
° 6}1’- denotes the length of the longest path from i to j in the graph
induced by the baseline flow for a makespan of at most v.

@ 6} can be computed in O(n3) by the Floyd-Warshall algorithm.

A

Necessary condition for feasibility
There is no solution with a makespan of at most v is the problem of
computing Matrix §¥ admits no solution.

April 25, 2008 12/19
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Characterization of feasible insertions for the search variant

of the RCAIP/max (2/2)

Inserting x into («, 3) may generated the following cycles (a € a, b € 3).

Insertion-induced elementary cycles

v
6ba

Sy L)
(b)

v
max(pa, 03,) (x) max(px, 0Y,)

The insertion of x in an insertion position (c, 3) is feasible if and only if
max(Ly, Lo, L3) < 0 with L1 = maXaea(Pa + 0yx,), Lo = maxpeg(px + 9f,),
L3 = max(a,b)Eaxﬁ(pa + px + 653)'
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RCAIP/max complexity

The RCAIP/max is NP hard.

@ We prove NP-completeness of the decision variant by reduction from
the independent set problem.
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Proof (illustration)
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RCAIP with minimum time lags only (optimization variant)

insertion-induced elementary cycles and 0, n + 1 longest paths

Consider distance matrix 530, aca, bep

x n+1 5;’:
A
0,n+ 1 path type 1 cycle type 1

o )
(be

b(n+1

&Y

0,n+ 1 path type 2 cycle type 2
Obs

60x n+1
O D

0,n+ 1 path type 3

cycle type 3

Christian Artigues and Cyril Briand () The resource-constrained activity insertion p April 25, 2008




Dominant insertions and polynomial algorithm

@ 1o = {i € A|0X =0 and 63 = 0} is the set of activities synchronized
with x.

ag = {i € V\ 1l|é >0}

Bo=V\ (v Uao)

(e, B) = {i € aldgs + pi = maxa,ca(d5g + Pa)}
v(a, B) = {i € Bl 1) = maxpep(0pl, 1))}

o V(a,B) ={i € V|6 = —o0}

e © ¢ ¢

Algorithm O(n?*m)
@ Set initial cut (o, ) to (ao, Bo)

@ While there remains enough capacity in («, 3) perform evaluate
recursively all subcuts obtained by removing 1 from « and set next

cut (o, ) to (a UV, B\ v).
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RCPSP with minimum time lags only Example

012345678 9101112
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Concluding remarks and further work

@ Even inserting a single activity is hard when maximum time lags are
considered with the resource-flow model.

@ Design a polynomial insertion framework for the RCPSP /max.

@ Develop an insertion heuristic for the RCAIP/max limiting the
insertions to the ones of the time lag min-only case.

@ Develop an insertion-based heuristic for the RCPSP /max.

C. Artigues and F. Roubellat, A polynomial activity insertion algorithm in a multi-resource
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